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In the study of mathematical theory of compressible ﬂuid
dynamics, the piston problem is a basic prototype problem.
Generally, if the piston is pulled back, then a rarefaction
wave will be formed, and otherwise, if the piston is pushed
forward, then the push will cause a compressed wave moving9792795979.
n (S.D. Ram).
y. Production and hosting by
Shams University.
lsevierinto the gas. In [1–4,6] it is described by taking a long tube
closed by a piston at one end and open at the other end
and assuming that the gas in the tube is static with uniform
pressure pa and density qa then any motion of the piston will
cause a corresponding motion of the gas. Chester [5] investi-
gated theoretically the gasdynamic disturbances produced in
a gas-ﬁlled tube by a vibrating piston using a small-Mach-
number compressible ﬂow model. Wen-rui [7] used the per-
turbation method to study the weak shock and strong shock
problems generated by the piston motion in weak gravita-
tional ﬁeld. Rao and Purohit [8] have analyzed the self simi-
lar ﬂows of a non-ideal gas driven by an expanding gas. Wu
and Roberts [9] and Roberts and Wu [10] considered the ﬂow
of a gas driven by an expanding piston and discussed the
shock wave theory of sonoluminescence by taking a similar
equation of state of the medium. Sakurai [11] investigated
the propagation of spherical shock waves though self gravi-
tating polytropic gas sphere such as stars by using the
method of power series expansion.
126 L.P. Singh et al.In the present paper, unsteady gasdynamic concepts are
used to model the piston-driven compression of a conﬁned
gas. Perturbation method, based on the limit of low Mach
number, is used to construct solutions. We analyze the varia-
tion of shock strength and its propagation in non-ideal ﬂuids
with weak gravitational ﬁeld. The effects of van der Waal’s
excluded volume and wave front geometry on the evolutionary
behaviour of shock wave are discussed. This type of problem
in a non-ideal gas has importance at high temperature because
the validity of assumption of the ideal gas at high temperature
is not valid. The equation of state for non-ideal gases such as
low density gases is taken from the statistical physics in the
simpliﬁed form Anisimov and Spiner [12].
2. Basic equations
For the motion of a transient gas in a local region of stellar
atmosphere, we adopt a coordinate system in which the origin
is at the center of the star, and the x-axis in the direction of the
stellar radius.
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ox
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ox
þ 1
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 
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where the time t and the space co-ordinate x are the two inde-
pendent variables, q is the density, p is the pressure, u is the
velocity of the particle, m= 1/q is the speciﬁc volume, b is
the Van der Waals excluded volume which lies in the range
0.9 · 103 6 b 6 1.1·103, G is the gravitational constant, m
is the stellar mass and c the speciﬁc heat ratio.
Eqs. (2.1), (2.2), (2.3)may be reduced to pure one dimensional
non-ideal gasdynamic equations if we ignore the gravity. In the
dimensional analysis, velocity dimension may be constructed as
n ¼ x
t
: ð2:4Þ
However, Eqs. (2.1), (2.2), (2.3) contain the gravitational con-
stant G which introduces another quantity with a velocity
dimension, that is
ug ¼
ﬃﬃﬃﬃﬃﬃﬃ
Gm
x
r
: ð2:5Þ
The system of Eqs. (2.1), (2.2), (2.3) is supplemented with an
equation of state [14]
pð1 bqÞ ¼ qRT; ð2:6Þ
where R is the gas constant and T is the temperature.
In the case of weak gravity, the typical gravitational veloc-
ity (2.5) is smaller than both the sonic velocity and the plasma
velocity and basic ﬂow is the Riemann ﬂow. We desire to ﬁnd
the inﬂuence of the non-idealness on the ﬂow ﬁeld in the pres-
ence of gravity. Let us introduce the non-dimensional
parameters
~u ¼ u
u
; ~a ¼ a
u
; ~t ¼ t
x=t
; ~x ¼ x
x
; ð2:7Þand the small non-dimensional parameter
e ¼ u
2
g
u2
 1; ð2:8Þ
where a ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃcp=qð1 bqÞp is the sound speed in non-ideal
medium, u*, x* and t* represent respectively the typical veloc-
ity, length and time. In case of isentropic ﬂow, the system of
Eqs. (2.1), (2.2), (2.3) takes the following form
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þ u oa
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þ ðc 1þ 2bqÞ
2ð1 bqÞ a
ou
ox
¼ 0; ð2:9Þ
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ox
þ 2ð1 bqÞðc 1þ 2bqÞ a
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ox
¼  e
x2
: ð2:10Þ
The solution of Eqs. (2.9), (2.10) can be constructed in the
power series of e as [15]
a ¼ a0 þ ea1 þ e2a2 þ   
u ¼ u0 þ eu1 þ e2u2 þ   
q ¼ q0 þ eq1 þ e2q2 þ   
9>=
>;: ð2:11Þ
With the help of Eqs. (2.11) the basic equation of zero order
takes the form
oa0
ot
þ u0 oa0ox þ
ðc 1þ 2bÞ
2ð1 bÞ a0
ou0
ox
¼ 0; ð2:12Þ
ou0
ot
þ u0 ou0ox þ
2ð1 bÞ
ðc 1þ 2bÞ a0
oa0
ox
¼ 0; ð2:13Þ
where b ¼ bq0. Assuming a0 = a0(n), u0 = u0(n), Eqs. (2.12)
and (2.13) transform to
ðu0  nÞda0
dn
þ ðc 1þ 2
bÞ
2ð1 bÞ a0
du0
dn
¼ 0; ð2:14Þ
ðu0  nÞdu0
dn
þ 2ð1
bÞ
ðc 1þ 2bÞ a0
da0
dn
¼ 0: ð2:15Þ
The solution of the Eqs. (2.14) and (2.15) yields
u0  2ð1
bÞ
c 1 ¼ const:; ð2:16Þ
which is the Riemann invariant and thus Eqs. (2.14) and (2.15)
represent the Riemann ﬂow in non-ideal gasdynamics.
A special solution of the piston problem may be found in
the following manner. If the piston moves with constant veloc-
ity, the ﬂow parameters ahead of the piston is taken as
u0 ¼ const:; a0 ¼ const: ð2:17Þ
Similarly, the ﬁrst-order equations may be written as
oa1
ot
þ u0 oa1ox þ
ðc 1þ 2bÞ
2ð1 bÞ a0
ou1
ox
¼ 0; ð2:18Þ
ou1
ot
þ u0 ou1ox þ
2ð1 bÞ
ðc 1þ 2bÞ a0
oa1
ox
¼  1
x2
; ð2:19Þ
and so on for equations of higher order. In this approach, the
zeroth order equations and all equations of higher order, ex-
cept the ﬁrst order equations, are non-linear. Thus the inﬂu-
ence of the applied gravity in a non-ideal gas is non-linear.
Now we discuss about the solution of the ﬁrst order equa-
tions which are the functions of n and t. Let us assume
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We infer from Eqs. (2.18) and (2.19), m= n=+ 1. If the
dimensional typical velocity u* is assumed as the piston veloc-
ity up which is a constant, the basic velocity is u0 = 1.
The boundary condition at the piston becomes
fð1Þ ¼ 0; ð2:21Þ
Introducing the non-dimensional quantity g ¼ x
t
=u, Eqs.
(2.18) and (2.19) may be written in the following form
G1ðf; gÞ ¼ ð1 gÞ ogðgÞog þ
ðc 1þ 2bÞ
2ð1 bÞ a0
ofðgÞ
og
 gðgÞ
¼ 0; ð2:22Þ
G2ðf; gÞ ¼ ð1 gÞ ofðgÞog þ
2ð1 bÞ
ðc 1þ 2bÞ a0
ogðgÞ
og
 fðgÞ
¼  1
g2
: ð2:23Þ3. Jump conditions at shock
The jump conditions at the shock are given by the principle of
conservation of mass, momentum and energy across the shock
front and are written as [11,13]
q ¼ qa
ðc 1þ 2bqaÞ
cþ 1 þ
2ð1 bqaÞ
cþ 1
aa
U
 2 1
; ð3:1Þ
u ¼ 2ð1 bqaÞ
cþ 1 ðU
2  a2aÞ
1
U
; ð3:2Þ
p ¼ pa þ
2ð1 bqaÞ
cþ 1 ðU
2  a2aÞqa; ð3:3Þ
where subscript ‘‘a’’ denotes the ﬂow variables evaluated ahead
of the shock front and U is shock speed. Expanding the vari-
ables u, p, q and U as a series of small parameter e, the zero
order jump conditions become
q0 ¼ qa
ðc 1þ 2bqaÞ
cþ 1 þ
2ð1 bqaÞ
cþ 1
aa
U0
 2" #1
;
u0 ¼ 2ð1 bqaÞcþ 1 ðU
2
0  a2aÞ
1
U0
;
p0 ¼ pa þ
2ð1 bqaÞ
cþ 1 ðU
2
0  a2aÞqa;
9>>>>>=
>>>>;
ð3:4Þ
and the ﬁrst order jump conditions are
qðsÞ1 ¼
4ð1bqaÞ
cþ1 ðaaU0 Þ
2qa
ðc 1þ 2bqaÞ
cþ 1 þ
2ð1 bqaÞ
cþ 1 ð
aa
U0
Þ2
 2 U1U0 ;
u
ðsÞ
1 ¼
2ð1 bqaÞ
cþ 1 ðU
2
0 þ a2aÞ
U1
U0
;
p
ðsÞ
1 ¼
4ð1 bqaÞ
cþ 1 qaU0U1;
9>>>>>=
>>>>>;
ð3:5Þ
where superscript ‘‘ (s) ’’ denotes the value at the shock g= gs.
Using (2.11), the effective sound speed for zero order and ﬁrst
order take the forma0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cp0
q0ð1 bq0Þ
r
; ð3:6Þ
a1 ¼ a0
2
p1
p0
 d q1
q0
 
; ð3:7Þ
with d= (1  2bq0)/(1  2bqa),which is a constant.
With the help of relation (3.5), Eqs. (3.7) translates as
a
ðsÞ
1 ¼
a0
2
4ð1 bqaÞqaU20
ðcþ 1Þpa þ 2qað1 bqaÞðU20  a2aÞ

 4dð1 bq0Þa
2
a
ðc 1þ 2bqaÞU20 þ 2ð1 bqaÞa2a

U1
U0
; ð3:8Þ
with
U1
U0
¼ ðU
2
0  a2aÞ
ðU20 þ a2aÞ
u1
u0
: ð3:9Þ
On using the basic state condition (3.6), the system of Eqs.
(3.8), (3.9) yield the condition which relates the functions
f(gs) and g(gs) as
fðgsÞ ¼ agðgsÞ; ð3:10Þ
where the constant a is given as
1
a
¼ 2a0
u0
ð1 bqaÞqaU20
ðcþ 1Þpa þ 2qað1 bqaÞðU20  a2aÞ

 d ð1 bq0Þa
2
a
ðc 1þ 2bqaÞU20 þ 2ð1 bqaÞa2a

U20  a2a
U20 þ a2a
 
: ð3:11Þ
Using the boundary conditions (2.21) and (3.10), Eqs. (2.22),
(2.23) may be solved in the region 1 6 g 6 U0=up.
The basic state solutions are computed from the basic
relations (3.4) for three values of aa/U0 = 0.25, 0.50, 0.75
and presented in the tables (1)–(3).4. Three examples
The differential equations (2.22) and (2.23) and the boundary
conditions (2.21) and (3.8) are linear. The solution of the plane
piston problem may be reduced to the following two elemen-
tary solutions
G1ðf1; g1Þ ¼ 0; G2ðf1; g1Þ ¼ 
1
g2
; f1ð1Þ ¼ 0; g1ð1Þ ¼ 0;
ð4:1Þ
G1ðf2; g2Þ ¼ 0; G2ðf2; g2Þ ¼ 0; f2ð1Þ ¼ 0; g2ð1Þ ¼ 1:
ð4:2Þ
Therefore, the solution of the plane piston problem is the
linear combination of the two elementary solutions
fðgÞ ¼ f1ðgÞ þ Xf2ðgÞ; gðgÞ ¼ g1ðgÞ þ Xg2ðgÞ; ð4:3Þ
where X is constant and deﬁned as
X ¼ f1ðgsÞ  ag1ðgÞ
ag2ðgÞ  f2ðgsÞ
:
The effect of the applied gravity on the distribution of func-
tions f(g) and g(g) in a non-ideal ﬂow ﬁeld is presented in Figs.
1–3 for the values of Tables 1–3. In a weak gravitational ﬁeld
the internal and, sometimes, kinetic energy of the gas will
Figure 1 Distribution of the function f(g) and g(g) for different
values of b with shock wave conditions for aa/U0 = 0.25 and
c= 1.67.
Figure 3 Distribution of the function f(g) and g(g) for different
values of b with shock wave conditions for aa/U0 = 0.75 and
c= 1.67.
Figure 2 Distribution of the functions f(g) and g(g) for different
values of b with shock wave conditions for aa/U0 = 0.50 and
c= 1.67.
Table 1 Basic state solutions for aa/U0 = 0.25.
aa/U0 = 0.25
b ¼ 0:0 b ¼ 0:02 b ¼ 0:04
U0/up 1.424 1.780 2.373
a0/up 0.863 1.183 1 .586
aa/up 0.356 0.445 0.593
a 1.530 1.052 0.761
Table 2 Basic state solutions for aa/U0 = 0.50.
aa/U0 = 0.50
b ¼ 0:0 b ¼ 0:02 b ¼ 0:04
U0/up 1.780 2.225 2.966
a0/up 1.284 1.625 2.081
aa/up 0.890 1.112 1.483
a 2.070 1.411 1.009
Table 3 Basic state solutions for aa/U0 = 0.75.
aa/U0 = 0.75
b ¼ 0:0 b ¼ 0:02 b ¼ 0:04
U0/up 3.050 3.814 5.085
ao/up 2.635 3.110 3.796
aa/up 2.285 2.867 3.814
a 2.707 1.978 1.459
128 L.P. Singh et al.exhaust to overcome the applied gravity and the process is
slowed down due to increase in the value of parameter of
non-idealness b as compared to what it would in an ideal
gas. The propagation velocity of the shock wave is U0 þ eU1.
The strength of the shock wave is increased if U1 is positive.
Further, the expression (3.9) shows that U1 has the same sign
as u1 and therefore f(g). Figs. 1–3 shows that f(gs)  0 for the
all cases. Also, the monotonic decreasing values of g(g) from
the piston g= 1 to shock wave g= gs decreases more rapidly
with an increase in the value of the parameter of non-idealness
(b) which implies that the internal energy of the gas between
the piston and shock wave exhausts more rapidly in a non-
ideal gas. Further, the effect of non-idealness of the gas is to
decrease the values of f(g) from piston to the shock which
shows that the process of acceleration/deceleration is slowed
down due to non-idealness of the gas.5. Strong shock wave approximation
For the case of strong shock wave, the ﬂow region becomes
narrow, and g 1 6 gs  1 1. Consequently the system of
Eqs. (2.22) and (2.23) take the following form
ðc 1þ 2bÞ
2ð1 bÞ a0
ofðgÞ
og
 gðgÞ ¼ 0; ð5:1Þ
2ð1 bÞ
ðc 1þ 2bÞ a0
ogðgÞ
og
 fðgÞ ¼  1
g2
: ð5:2Þ
Figure 4 Distribution of the function f(g) and g(g) for different
values of b with shock wave conditions for a0/up = 2 and c= 1.67.
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differential equation in terms of f(g) as follows
o2fðgÞ
og2
þ 1
g
ofðgÞ
og
 1
a20g2
fðgÞ ¼  1
a20g4
: ð5:3Þ
The general solution of the above differential equation is deter-
mined easily as
fðgÞ ¼ c1gb þ c2gb þ b
2
ðb2  4Þ
1
g2
: ð5:4Þ
Using the above relation in Eq. (5.1) we determine the value of
g(g) as follows
gðgÞ ¼ ðc 1þ 2
bÞ
2ð1 bÞg c1g
b þ c2gb  2bðb2  4Þ
1
g2
 
; ð5:6Þ
where b= 1/a0, constants c1and c2 are obtained by the bound-
ary conditions (2.21) and (3.10) as
c1 ¼ b
4 b2

b c1þ2
b
2
aþ ð1 bÞgs
h i
gbs  ðc 1þ 2bÞaþ ð1 bÞbgs
	 

1=g2s
c1þ2b
2
a ð1 bÞgs
h i
gbs þ c1þ2b2 aþ ð1 bÞgs
h i
gbs
;
ð5:7Þ
and
c2 ¼ b
4 b2
 b½
c1þ2b
2
a ð1 bÞgs	gbs  ½ðc 1þ 2bÞaþ ð1 bÞbgs	1=g2s
½c1þ2b
2
a ð1 bÞgs	gbs þ ½c1þ2b2 aþ ð1 bÞgs	gbs
:
ð5:8Þ
With the help of the original relation (2.20), the proﬁle of the
ﬁrst order solution are given as
u1ðx; tÞ ¼ 1
x
c1
x
t
 1þb
þ c2 x
t
 1b
þ b
2
ðb2  4Þ
t
x
 2 
; ð5:9Þ
a1ðx; tÞ ¼ ðc 1þ 2
bÞ
2ð1 bÞx c1
x
t
 b
 c2 x
t
 b
 2bðb2  4Þ
t
x
 2 
:
ð5:10Þ
We now discuss the case of strong shock wave, i.e., aa/U0ﬁ 0,
which gives gs = (c+ 1)/2. For c= 5/3, we have
fðgÞ ¼ c1g1:38889 þ c2g1:38889  0:93145g2 ; ð5:11Þ
gðgÞ ¼ ðc 1þ 2
bÞ
2ð1 bÞ c1g
0:38889 þ c2g2:38889 þ 1:34128g3
 
; ð5:12Þ
where the constant c1and c2 are given numerically as
c1 ¼  0:11664ð0:335þ
bÞ  0:44006a0
2:21437ð0:335þ bÞ  0:51748a0
;
c2 ¼  0:06397ð0:335þ
bÞ þ 0:29595a0
2:21437ð0:335þ bÞ  0:51748a0
:
The value of c1 and c2 appearing in the Eqs. (5.11) and (5.12)
increases with an increase in the value of b consequently the
negative value of f(g) increases, and consequently the strengthof the shock wave decreases. Also, the monotonic decreasing
function g(g) shows further decreasing trend with an increase
in the value of b, therefore, the gas internal energy exhausts
which agrees with the earlier results discussed in [7]. Since
(gs  1) is much smaller than one. The analytical results pre-
sented here give the approximate solution and describes qual-
itatively the basic features of the inﬂuence of applied gravity in
a non-ideal gas. Likewise, we derive the analytical solutions
near the piston, which are expected to be more accurate.
Eqs. (5.1) and (5.2) are reduced to
f0ð1Þ ¼ 2ð1
bÞ
ðc 1þ 2bÞa0
gð1Þ;
g0ð1Þ ¼  ðc 1þ 2
bÞ
2a0ð1 bÞ
½1 fð1Þ	:
The gas motion will be accelerated near the piston if g(1) > 0,
on the other hand decelerated if g(1) < 0. From the above
relations it is clear that the internal energy always decreases
in the region near the piston. Also, the non-idealness of the
ﬂow ﬁeld contributes to decrease the internal energy further.
6. Results and discussion
The hyperbolic system of Eqs. (2.1), (2.2), (2.3) possesses three
families of characteristics dx/dt= u, the trajectory of ﬂuid
particle, and dx/dt= u± a, the outgoing and incoming wave-
lets. With the help of expansion (2.11) the characteristic rela-
tions have been changed as follows
1. For outgoing wavelet
dx
dt
¼ ðu0 þ a0Þ þ eðu1 þ a1Þ;
2. For incoming wavelet
dx
dt
¼ ðu0  a0Þ þ eðu1  a1Þ;
3. For the trajectory of the ﬂuid particle,
dx
dt
¼ u0 þ eu1:
Figure 5 Distribution of the function f(g) and g(g) for different
values of b with shock wave conditions for a0/up = 4 and c= 1.67.
Figure 6 Distribution of the function f(g) and g(g) for different
values of bwith shockwave conditions for a0/up = 10 and c= 1.67.
130 L.P. Singh et al.From the above results we adopt that the characteristic lines
are curved. It may be noted here that the effect of non-ideal-
ness of the medium is to increase the value of a. Therefore
the slope of the out going wavelet increases near the piston
in comparison with the case of ideal medium with applied
gravity and characteristic line (2) has opposite behavior as that
of out going wavelet. An increase in slope of incoming wavelet
is due to the applied gravity in non-ideal medium.
The position of the shock wave in perturbed region is
x
t
¼ U0 þ eU1; ð6:1Þ
We now discuss about the plane piston problem with bound-
ary conditions written at the piston as
fð1Þ ¼ 0; gð1Þ ¼ 0: ð6:2Þ
The solution of Eqs. (2.22), (2.23), with the boundary condi-
tion (6.2), represents that the functions f(g) and g(g) are mono-
tonically decreasing functions of g. The Figs. 4–6 constitute the
distribution of f(g) and g(g) with different piston boundary
conditions for a0/up = 2, 4, 10, respectively. In Figs. 4–6,
b ¼ 0:0 represents the case of ideal gas and is same as given
in [7]. From Eqs. (5.11) and (5.12) one may conclude that
the function f(g) remains unaffected with respect to different
values of b, where as the function g(g) is greatly affected bythe values of b, in the presence of weak gravitational ﬁeld,
which is also illustrated through Figs. 4–6.
Since the medium in an astrophysical environment is not
assumed to follow the ideal gas assumptions, it is the necessary
to analyze the gasdynamic processes in a non-ideal medium
including the applied gravity. The paper sheds light on an ele-
mentary process, and presents the effect of the applied gravity
on the ﬂow ﬁeld in a non-ideal medium.Acknowledgement
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